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Abstract. The multivariable hypergeometric function
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considered recently by Niukkanen and Srivastava, provides an interesting unification of
the generalised hypergeometric function ,F, of one variable, Appell and Kampé de Fériet
functions of two variables, and Lauricella functions of n variables, and also of many other
hypergeometric series which arise naturally in various physical and quantum chemical
applications. Indeed, as pointed out by Srivastava, the multivariable hypergeometric
function is an obvious special case of the generalised Lauricella function of n variables,
which was first introduced and studied by Srivastava and Daoust. By employing such
connections of this multivariable hypergeometric function with the more general multiple
hypergeometric functions studied in the literature rather systematically and widely, Srivas-
tava presented several interesting and useful properties of this function, many of which
were not given by Niukkanen. The object of this addendum to Srivastava’s work is to
derive a number of new reduction formulae for the multivariable hypergeometric function
from substantially more general identities involving multiple series with essentially arbitrary
terms. Some interesting summation formulae for the multivariable hypergeometric function
with x; =...=x,=1and x,=...=x, =—1 are also presented.

1. Introduction and notations

For convenience, let
a=(a',...,a") b=(b',..., b9
and
a=(aj,...,a%) b =(bj,..., b}
so that @ and b are vectors with dimensions p and g, respectively, and

a; and b; (j=0,1,...,n)
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are vectors with dimensions p; and g, respectively. Also, in terms of the Pochhammer
symbol

()‘)'":E(—;(%nlz{,\(x+1)...(/\+m—1l) 1;::(;23 (3)
let

@n=[1(@)n (=1 (5 (4)
and

@n=11 @ Ba=I1 6}, ©

and define a generalised hypergeometric function of n variables by

X1

Poi PLii P L= pPoi PPy (8 e
Fquq‘:“.:q:, . qu: ql:“.:q':,(bn:bl:..,;b:; *y ,x")

Xn

- i (aO)ml*n.ﬁ-mn lﬂl {(aj)m, i} (6)

my,.., m,,=0(b0)m1+..‘+mnj=1 (bj)m] mj!

where, for (absolute) convergence of the multiple hypergeometric series,

1+go+qu—po—p =0 (k=1,...,n) (7)
the equality holding true provided, in addition, we have either?

Po> Go and )|V (P09 4+ x|V (P < 1 (8)
or

Po< Go and max{|x,],...,|x,[}<1. (9)

The works of Niukkanen (1983, 1984) and Srivastava (1985) on the multivariable
hypergeometric function (6) are motivated by the large number of physical and quantum
chemical applications of such multiple hypergeometric series (see, for numerous other
applications, Exton (1976, chap 7 and 8; 1978, chap 7), Carlson (1977), Srivastava
and Kashyap (1982) and Srivastava and Karlsson (1985, § 1.7)). Indeed, as already
pointed out by Srivastava (1985), the multivariable hypergeometric function (6) is an
obvious special case of the generalised Lauricella function of n variables, which was
first introduced and studied by Srivastava and Daoust (1969, p 454 et seq), and this
widely and systematically studied (Srivastava-Daoust) generalised Lauricella function
has appeared in several subsequent works including, for example, two important books
on the subject by Exton (1976, § 3.7, 1978, § 1.4), a book by Srivastava and Manocha
(1984, p 64 et seq) and a book by Srivastava and Karlsson (1985, p 37 et seq); also,
a further special case of the multivariable hypergeometric function (6) when

PL=...=p, and G=...=4q, (10)

was considered earlier by Karlsson (1973). Srivastava (1985) employed these useful
connections of (6) with the much more general multiple hypergeometric functions

t Under certain parametric constraints, the multiple hypergeometric series in (6) converges also when
x,=%1(k=1,..., n), together with the equality in (7).
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(studied in the literature rather systematically and widely) in order to present several
interesting and useful properties of (6) (including, for example, regions of convergence,
reduction and summation formulae, expansion and multiplication theorems, generating
functions and operational formulae), many of which were not given by Niukkanen
(1983, 1984). In this addendum to Srivastava (1985) we derive a number of new
reduction formulae for the multivariable hypergeometric function (6) from substantially
more general identities involving multiple series with essentially arbitrary terms. We
also present some interesting summation formulae for (6) with

x=...=x,=1 and X =...=x,=—1.

2. General series identities

Let {}(n)}5_, be a bounded sequence of real (or complex) numbers, and set
L=1+...+1, M=m+...+m, (11)

where /; and m; (j=1,...,n) are non-negative integers. Then, from the works of
Srivastava (1981), Buschman and Srivastava (1982) and Srivastava and Raina (1984),
it is not difficult to establish the following general multiple-series identities:

) Q<L+M)H{ (A (b m X o] }
f,my,..1,m,=0 = Jl‘ m
bad n Lo— vIJ m}
= Z Q(L+M) H {(Aj)l(Aj+Mj+b)mML}
LM dga i, =0 j=1 ! / Ij! m;!
At #0,-1,-2,... (j=1,...,n) (12)

Ma

QL+M) {ﬁ,y_}
tomytwme=0 1Ly {(0;)1 () m b 551 LY my!

2 n + L — .’/ ’."/
_ § QL+ H{ otl+m—1). (x—y) L}

Lymy,bm, =0 =1 (pj)l,+m,(a'1’)mj I_/' mj!

p,~,o;-#0,—1,—2,... (j=1,...,n) (13)

E

o

Looom

f,my,.l,m, =0 (pj)l (Pj) l]' mj!

= czc: Q(L+2M) H {()‘ )l+’"1(pj ’\j)m, (xj+yj)lj (_)::lyl‘)mJ}

Lomy,.dym, =0 j=1 (pj)1,+2m,(pj)m, l)‘
p#0, =1, -2, ... (G=1,...,n) (14)
e n Loom
X/ ]
y Q(L+ M) H{ )1, (A ), (0 (), 75 y’—}
Lamy,. e m,=0 = IJ. mj!
= Y QL+2M)
hmyody,m, =0
% I"—[ {(Aj+[-Lj)Ij+2mJ(Aj)IJ+mJ(}Lj)IJ+mJ (xj+yj)lf (—ijj)mf}
j=1 (A + 1) 10 m, 1! m;!

At #0,-1,-2,... (j=1,...,n) (15)
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N
m;.

f QL+ M) i {x} ﬁ}
Lm0, mn—OHJ 1{(P,)l(P;)m,(U )mJ}J 1

x

= Y Q(L+2M)

L,my,..., lp,m,=0
Iﬂl { (p+o+h+2m—1), (xj+yj)1' (xjyj)m'}
= (P;)I+7m,(0' )I+2m (pj) ( )m, lj! mj!
p,0,pto,~1#0,-1,-2,... (j=1,...,n) (16)
x n xl.} yml
S awewn [ {onm.3t L)
Ly ooy, =0 j=1 IJ m;
o n ) (—xy )™
= Y  QL+2M) H {(A )Hm,(x’l,y’) ( ’;ly’,) } (17)
{1,my,...l,,m,=0 = .
and
$ QUL+M) - {x_} i}
homynl,m, =0 H;=1 {(pj)l(pj)mj}j=l lj! mj!
Lomy,el, =OH;=1{(pj)l,+2m,(pj)m,}j=1 lj! m;!
p;#0,-1,-2,... (j=1,...,n) (18)

provided that the multiple series involved in each identity are absolutely convergent.
In view of the principle of confluence exhibited by

. 2NV o [wD)”
-2 12

for bounded z and m=0, 1,2, ..., the series identity (17) would follow readily from
(15) if in (15) we first replace x, by x;/u; and y; by y;/u;, and then let p; >
(j=1,...,n). Indeed, the series identity (17) also follows from (14) if in (14) we first
replace x; by px; and y; by p;y;, and then let p> (j=1,...,n). Formula (18), on
the other hand, follows similarly from (14) as well as (16).

3. Applications to multiple hypergeometric series

By setting y;=x; (j=1,...,n) in the multiple-series identities (12) and (13), and
y=-x; (j=1,...,n) in (14)-(18), we shall immediately obtain various reduction
formulae for multiple series with essentially arbitrary terms. As a matter of fact, a
remarkably large number of similar multiple-series reduction formulae can be derived
directly from the works of Srivastava (1973, 1981), Buschman and Srivastava (1982),
Karlsson (1982, 1983, 1984) and Srivastava and Karlsson (1985, §§ 1.3 and 1.4). In
each of these reduction formulae involving multiple series with essentially arbitrary
terms, if we further set (¢f (3) and (4))

Q(n)=(a),/(b), (n=0,1,2,...) (20)

we shall readily arrive at the corresponding reduction formula for a multivariable
hypergeometric function defined by (6). Some of the hypergeometric reduction
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formulae thus obtained are listed below:

Pl @ AL LA S
F: ,..;0(b: ! n l'.

o S8 S s,

q <5 Pns OL e O

p -,.. a: A(2;p +o—1); .. A2, p +o —1);
- F (b 91-01»}31*0'1 15 ool Py Ty Pt = 1 AX"'HAX")
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(21)

(22)

where, and in what follows, A(l; A) abbreviates the array of | parameters:

s B
o

p: 1.1 QA A LA LA _ _
Fq:l',w;l b:py;. .;pr,x,,pl,..; p,‘,; Xpreea Xy T X ey xn)

(1=1,2,3,...)

- 2p: 2; A2y a) Ay, pi=AL LG AL P AL gy 2 p-a-1y2
=F3q 3 3(.\(2:b>:p1.m2;p, RGN i X x3)

E é(:'z,:: )‘l”"‘l:' , A y,".; AL ”‘1_; /\n,[.l.n;;

x ,A.,xn,—xl,..,,—xn)

(23)

2P4 A2y @) A, A A ) g A e, B(25 A F ) 1 —gviy2
F3g i (A(z;b. v Aty m o N 4P TaT ] apm T k) (24)
p:0;.;0¢a: H Vs —— _
Fq:Z;.“;Z(b: Pis T15 s Py Ty PLs T - Prs Ty XX ™ xn) =
F2p:3 (A(2 a) (3, py+o,—1);. A3, p, +o,—1); Z,
2q 8 8 A2, b) Py o1 A2 1), B(25 0¢), A(2 p1+l7|—1),“ Pry Tny A25 1), A(2; 0,), A(2; p,,-r(rn—l IS )
where, for convenience, (25)
— _AP—9—3 2 L
{i=—4 27x; (j=1,...,n)
n' tl xn.—xl,...,Axn)
2p 1 A(2;a): A ;“.; B 5
F3iio; o(A(z;bJ:—'; D 4rTexd, aPTax]) (26)
0, .. 0@ —, . — — oy —; _ _
1 1 (b: P N I L T x,)
— 2p:0;..;0,A(2; a): L o_ap—d—liy2 _ap—q-1,2
F30 i3 05(8G ) o a@ipns it pm a2 pny. ~4 Xjoen—4 =) (27)
Pl Lrar Ao AL my, g g _ _ —
Fq: 1. l(b:ZAll;. D 2A ,|,2[.Ll‘,“. 2pumy Tve X T X Xn) =
Zp 2, (A(Z a): Al2;A +)l.1)',...;
2q 3; A2, by A+ 172, + 1/ 2, X gy s
B2 A, +p,)5 gp-q~1y2 —g—1y2
Aot 12, 172, Kot il M) (28)
Pi2y .5 2@ A A H1/25 0 0h A +1/2; u.l,;.:.l+1/2 ,p. L1/ 25
Foi l(b: VST FYR il Buntls Xy X XX, )
— p:_, 12 Aty )\+M1+1/2 oAt At +1/2;
F (b 2A 2+ 1 " "2)'\',14-2"“,,4—1; X "r') (29)
P2 2a: A,,ul,---; o My Ay bys s Aty
Fq: 1; .51 (b: At +1/25 .00 A +#,‘+1/2 AL +u1+1/2 At ant1/2; R e
_ .4.;3(11: 2)\)’2“’!’)‘ T 20,20, A,
= 22U b At 172, 2A 2005 s Apt et 172, 20,42 v"'"‘n) (30)
Mn e
P2 .52a: Al,p.l,.,,' s My 1.;1.‘,---'. wHn
Foiil 0 Coiaem 173 i +u"—1/2 Ay +1/25 05 A 1-“,,+1/'i XXXy X, )
2A, 200 A i 20,20 A s
= 1 1 1 1 ’ i N
=Fg 5" 2(b: M1/ 2 20 5 2 s Ak bt 173 20 e 2 Koo %) (31)
P22 a »\‘.u.---; Ap ks Ay =L A w1,
Fq: ; -1(b:,\1+;¢1—1/2 At i 1/ A =1/ 2, ot At 1/ 25 Xp e X X X, )
_ ppidaa3ian 20020 LAt =g 28,20 LA e -
=F, 2(p At 172, 20 2 =2 A 2 22, KX ) (32)
Fp:2;...;2 a: ALy s Ak V/2=A 1/2=pp5 0y 1/2-A,1/2—p 3 X x o x
G 1, G INb A+ +1/25 0 A+, +1/2; 3/2- A —py; 3/2—=A,—p,, VUUTRTLTT ")
p:3:- 3e@A —pw 2, =N/ 2, 1/ 2 A -, w12, 0~ A +1/2,1/2;
= 1 1
F y2\b: A+ pnt1/2,32- AL—ger; At unt1/2,3/2= A0t Ry, ) (33)
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Pr2in 208 A 172, 0 =1/ 2 A 1/ 2,0, — /20 1/2, 0 +1/2, A +1/2 wat1/25 ) \
Fq:l'“.;l( AFpi-1/2]. .; Anfun—17200 A Fpl+17200 A 172 XX XX, )
_ 13, a: 2AL 20 A s DA 20, At u
—F 22, ~2(b-/\1+m+1/2 A2 =1t A it 1/ 5 DA 21 Xive x,) (34)
Fp:2;.-<} (a AyH1/ 2,0, —1/25 A"+1/2,u”—1/2,Al+l/2,gl+1/2;...;A"+1/2,p"+1/2, XXX X )
9: 11 Ayt +1/2; 00 Antu,T1/2; Ayt +1/20 0 Aptun+1/2; 71 [ n
_ p:3;...,3 a: A+, 2, Aty 2A 41 2u A
=Fg 3] 2(b:A,+“,+l/2 B2t A et 172, 3 +2u$ XX,y ) (35)
P12y s 2@ AL AT/ 2 A A /2 =R 327 A s 1A, 32
Fq:l;“.;l b: 24:. 2A,; 2-2a4 2-2a, XXX Xy
. 1l lpar 1,001,
- Fq:O;...;O(b:—;...;—; K x")' (36)

Here, as is quite usual in the theory of hypergeometric functions, an empty set of
parameters is represented by a dash, and the reduction formulae (21)-(36) hold true
whenever the multiple hypergeometric functions involved in each formula exist.

By appealing to one or the other known summation theorems for generalised
hypergeometric series (see Slater 1966, Luke 1975), we can derive a fairly large number
of interesting summation formulae for multiple hypergeometric series of the type (6)
as the consequence of the reduction formulae (21)-(36) and those listed by Srivastava
(1985, 1.229). For example, in view of certain familiar summation theorems for the
one-variable hypergeometric series ;F;, «Fs and - F;, we readily obtain the following
summation formulae for multiple hypergeometric series (cf Srivastava 1984):

6: 15 .5 1 a 1+a/2,B,y, 8,81 =55 . =5, L
0 0(a/2,1+a—ﬁ‘1+a—y,l+u—5,]+a—s,1+a——5:———-; y ——y )

_ta)s(lta-B-y)s(l+ta—B-8)s(lta—y—28)s

(1+a-B)s(1ta—y)sta-0)s(1+a-f-y—0)s B
where s5,..., s, are non-negative integers, and
1+2a=B+y+6+e—S S=s5+...+s,
F3i0i 0 aszimapivany itacs i Bar i 2 e 1)
=F(1+a—ﬁ)r(l+a—y)r(l+a—6)F(1+a—A)
[Ma)[(1+a)f(1+a-B-8)T(a+B+85)
XF(H%T%aI—%y—%A)F(%%a—%ﬁ—%a) (38)
F(1+3a =38 -3y)T(1+3a —38 —3A)
where
Re(a)>0 B+tA=y+86=1 A=A +...+A,
and (cf Karlsson 1983)
FEE 20 ez 3 A A Ay
f(%)r(%—%a—zn)r(ﬁia +in+A) (29)

TTA-Inr(+la)rG—la+in+A)

where
Re(l—a—n)>0 A=A+, . +A,.

Several additional reduction and summation formulae for the multivariable hyper-
geometric function (6) can be derived in this manner from the work of Srivastava and
Karlsson (1985, §§ 1.3 and 1.4). We choose to leave the details involved as worthwhile
exercises for the users of such classes of multiple hypergeometric series as those
considered here.
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